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1. Introduction
Non-semisimple Lie algebras and groups play a very important role in the physics applications,
recall, e.g., the Poincaré algebra and groups (for this and other examples, cf.,e.g. [1]). The Schrödinger
group is the symmetry group of the free particle Schrödinger equation and its Lie algebra is the
so-called Schrödinger algebra. The Schrödinger algebra is non-semisimple and plays an important
role in mathematical physics and its applications (see, e.g. [1–4]). Using the technique of singular vec-
tors, a classification of the irreducible lowest weight representations of this algebra is given in [8]. In
this paper, we characterize the annihilators of the Vermamodules of the Schrödinger algebra S(1) and
determine the center of the universal enveloping algebra U(S(1)).
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LetC be the complex number field. The Schrödinger algebra S := S(1) is the Lie algebra with basis
{f , q, h, c, p, e} and relations
[h, e] = 2e, [h, f ] = −2f , [e, f ] = h,
[h, p] = p, [h, q] = −q, [p, q] = c,
[e, q] = p, [p, f ] = −q, [f , q] = 0,
[e, p] = 0, [c, S] = 0.
The Schrödinger algebra can be viewed as a semidirect product
S = H sl(2)
of two subalgebras: a Heisenberg subalgebra H = span{p, q, c} and sl(2) = span{e, h, f }. Observe
that S = 2⊕
i=−2
Si is Z-graded, where S−2 = Cf , S−1 = Cq, S0 = Ch + Cc, S1 = Cp, S2 = Ce. S
also has a triangular decomposition
S = S− ⊕ S0 ⊕ S+,
where S− = span{f , q}, S0 = span{h, c}, S+ = span{p, e}. Denote byU(S) the universal enveloping
algebra of S .
Set H1 = Ch, C = Cc,H = H1 ⊕ C. Define α ∈ H∗ by α(h) = 1, α(c) = 0. Clearly C = {t ∈
H|α(t) = 0} is the center of S . For λ ∈ H∗, let Iλ denote the left ideal of U(S) generated by S+ and{t − λ(t)|t ∈ H}. SetM(λ) = U(S)/Iλ and let vλ be the image of 1 inM(λ).M(λ) is called the Verma
module for S with highest weight λ, and vλ is the highest weight vector with weigh λ. Further
M(λ) = ⊕
n∈Z0
M(λ)n,
whereM(λ)n = {v ∈ M(λ)|tv = (λ − nα)(t)v, ∀t ∈ H} = span{f kqlvλ|2k + l = n}. It is easy to see
thatM(λ) is a free U(S−) module. Denote by AnnM(λ) the set
{g ∈ U(S)| gv = 0, ∀ v ∈ M(λ)}.
As shown in [8],M(λ) is irreducible iff λ(c) = 0 and λ(h) = (3 − p)/2 for some p ∈ 2Z>0. Let Z
denote the center of U(S). Then Z acts onM(λ) through a homomorphism χ : Z → C. Let Jλ denote
the two sided ideal of U(S) generated by the kernel of χλ. Clearly Jλ ⊂ AnnM(λ).
As we all know, the center of universal enveloping algebras plays very important role in the rep-
resentation theory of Lie algebras and the annihilators of modules are closely related to the faithful
representations. Let g denote a finite dimensional semisimple Lie algebra. In [7] Duflo proved that
the annihilator (in U(g)) of a Verma module is generated by a maximal ideal in the center of U(g). In
[5], Chari extended this result to irreducible Verma modules over the infinite dimensional Lie algebra
G(A), an infinite dimensional Kac-Moody Lie algebra associated to the indecomposable symmetrizable
generalized Cartan matrix A. We note that S−, S+ are abelian, which is different from Kac-Moody Lie
algebra. We generalize the techniques developed in [5,6] and get the similar results as in [5]. Themain
result of this paper is the following.
Theorem 1.1
(1) Z = U(C), where C is the center of S .
(2) If M(λ) is an irreducible Vermamodule, thenAnnM(λ) is the two sided ideal generated by the kernel
of χ , i.e., AnnM(λ) = Jλ.
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2. Proof of the main results
Note that U(S) has the following decomposition:
U(S) = U(H) ⊕ (S−U(S) + U(S)S+).
Let β : U(S) → U(H) be the corresponding projection. The following result is well-known.
Lemma 2.1. Let λ ∈ H∗ be such that M(λ) is irreducible. The bilinear pairing
Bn,λ : M(λ)n × U(S+)n → C
given by Bn,λ(yvλ, x) = λ(β(xy)), y ∈ U(S−)n is not degenerate.
Thus, if x1, . . . , xr are linearly independent elements of U(S+)n, then, there exists v1, . . . , vr ∈ M(λ)n
such that xivi = δijvλ.
Proof of Theorem 1.1
(1) Let g ∈ U(S)⋂ Z. Write g as a sum
g = y′ + yt + t′ +
r∑
i=1
piui,
where y′, y ∈ U(S−)S−, t′, t ∈ U(H), pi ∈ U(S− ⊕ H), ui ∈ U(S+)ni , ni ∈ Z>0. Replacing t′ by
t′ − f (c) for some polynomial f (c) in c if necessary, we can suppose that t′ is a polynomial in h.
Let λ ∈ H∗ be such thatM(λ) is irreducible. Then g acts onM(λ) as a scalar λ(t′). Then
gvλ = λ(t′)vλ = y′vλ + λ(t)yvλ + λ(t′)vλ,
which implies y′ + yt = y(t − λ(t)). By Lemma 2.1, for n = ni (i = 1, . . . , r) choose vn ∈ M(λ)n
such that uivn = 0 for all i. The equality
λ(t′)vn = gvn = (−nα)(t)yvn + (λ − nα)(t′)vn
implies
(−nα)(t) = (−nα)(t′) = 0 for all n = ni, i = 1, . . . , r. (2.1)
Since t′ is a polynomial in h and α(h) = 1, from (2.1) it is not difficult to deduce that t′ = 0 and
(mα)(t) = 0 for allm ∈ Z. (2.2)
Thus
g = y(t − λ(t)) +
r∑
i=1
piui.
Note that now g acts onM(λ) as zero.
Next we want to prove that
r∑
i=1
piui = 0. (2.3)
Assume that
∑r
i=1 piui = 0 and ui (i = 1, . . . , r) are linearly independent. Write p1 =
∑k
j=1 yjtj
where tj ∈ U(H) (j = 1, . . . , k) and yj ∈ U(S−) (j = 1, . . . , k) are linearly independent. Choose
λ ∈ H∗ such that λ(tj) = 0 (j = 1, . . . , k) andM(λ) is irreducible. Further choose vn1 ∈ M(λ)n1 such
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that u1vn1 = vλ and ujvn1 = 0 for all j > 1. Then from (2.2) we have
0 = gvn1 = (−n1α)(t)yvn1 + p1u1vn1 = p1vλ =
k∑
j=1
λ(tj)yjvλ,
which forces yj = 0 for all j = 1, . . . , k, since λ(tj) = 0 andM(λ) isU(S−) free. So p1 = 0. Repeating
the argument we can conclude that pi = 0 (i = 1, . . . , k). Thus∑ri=1 piui = 0 and y(t − λ(t)) ∈ Z.
Part (1) of Theorem 1.1 is followed if we prove that y(t − λ(t)) = 0. Observe that there exists an
anti-involution ω : U(S) → U(S) such that
ω(e) = −f , ω(p) = q, ω(h) = h, ω(c) = c.
Clearlyω(U(S−)) = U(S+) andω(Z) = Z.Applyingω to y(t−λ(t)) and using the similar arguments
as in the proof of (2.3), we get ω(y(t − λ(t))) = 0. Thus y(t − λ(t)) = 0.
(2) Let g be any element of AnnM(λ). Write
g = y + y′t′ + t +
r∑
i=1
piui,
where y, y′ ∈ U(S−)S−, t, t′ ∈ U(H), pi ∈ U(S− ⊕ H), ui ∈ U(S+)ni , ni ∈ Z>0. From
0 = gvλ = yvλ + λ(t′)y′vλ + λ(t)vλ,
we have y + y′t′ = y′(t′ − λ(t′)), λ(t) = 0. Replacing t by t − f (c − λ(c)) for some polynomial
f (c−λ(c)) in c−λ(c) if necessary, we can suppose t = g(h) for some polynomial g(h) in h. Similarly
we can also suppose that t′ = g′(h) for some polynomial g′(h) in h. For n = n1, . . . , nr there exists
vn ∈ M(λ)n such that uivn = 0 for all i. Then
0 = gvn = (−nα)(t′)y′vn + (−nα)(t)vn
forces
(−nα)(t′) = 0, (−nα)(t) = 0 for all n = n1, . . . , nr .
Since α(h) = 1 and t, t′ are polynomials in h, we deduce that t′ = t = 0. Thus y + y′t′ + t ∈ Jλ and∑r
i=1 piui ∈ AnnM(λ).
Suppose ui (i = 1, . . . , r) are linearly independent if ∑ri=1 piui = 0. Write p1 =
∑k
j=1 yjtj,
where tj ∈ U(H) and yj ∈ U(S−) are linearly independent. Replacing tj by tj − fj(c − λ(c)) for
some polynomials fj(c − λ(c)) in c − λ(c) if necessary, we can suppose that tj (j = 1, . . . , k) are
polynomials in h. For n = ni − n1, i > 1, note that xnu1, u2, . . . , ur are linearly independent. By
Lemma 2.1 there exists vn+n1 ∈ M(λ)n+n1 such that xnu1vn+n1 = vλ, uivn+n1 = 0 for all i > 1. In
particular u1vn+n1 = 0. SinceM(λ) is U(S−) free the equality
0 =
r∑
i=1
piuivn+n1 = p1u1vn+n1 =
k∑
j=1
(λ − nα)(tj)yj(u1vn+n1)
implies (λ − nα)(tj) = 0 for all j. Thus tj = 0 (j = 1, . . . , k) and p1 = 0. Repeating the argument we
can conclude that
∑r
i=1 piui = 0. This proves part (2) of Theorem 1.1. 
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